We present a detailed analysis of the GKZ(Gel'fand, Kapranov and Zelevinski) hypergeometric systems in the context of mirror symmetry of Calabi-Yau hypersurfaces in toric varieties. As an application we will derive a concise formula for the prepotential about large complex structure limits.
Introduction
Mirror symmetry of Calabi-Yau manifolds has been playing a central role in revealing non-perturbative aspects of the type II string vacua, i.e., the moduli spaces for a family of Calabi-Yau manifolds. Since the success in determining the quantum geometry on the IIA moduli space made by Candelas et al [CdGP] in 1991, there have been many progresses and a lot of communications between physics and mathematics on this topics [GY] .
In this article, we will be concerned with the mirror symmetry of Calabi-Yau hypersurfaces in toric varieties. In this case, the mirror symmetry may be traced to a rather combinatorial properties of the reflexive polytopes which determines the ambient toric varieties due to ref. [Bat1] . Furthermore since the period integrals of Calabi-Yau hypersurfaces turn out to satisfy the hypergeometric differential equation, A-hypergeometric system, introduced by Gel'fand, Kapranov and Zelevinski (GKZ), we can study in great detail the moduli spaces of Calabi-Yau hypersurfaces. Based on the analysis of GKZ-hypergeometric system in our context, we will derive a closed formula for the prepotential, which defines the special Kähler geometry on the moduli spaces.
In section 2, we will review the mirror symmetry of Calabi-Yau hypersurfaces in toric varieties. This is meant to fix our notations as well as to introduce the mirror symmetry due to Batyrev. In section 3, we will introduce GKZ-hypergeometric system (∆ * -hypergeometric system) as an infinite set of differential equations satisfied by period integrals and summarize basic results following [GKZ1] . We also define the extended ∆ * -hypergeometric system incorporating the automorphisms of the toric varieties. We will remark that the ∆ * -hypergeometric system in our context is resonant in general. In section 4, we will review basic properties of the toric ideal and the Gröbner fan as an equivalence classes of the term orders in the toric ideal. We will use the Gröbner fan to compactify the space of the variables in the ∆ * -hypergeometric system, and propose it as a natural compactification of the corresponding family of Calabi-Yau hypersurfaces. In section 5, we will prove general existence of the so-called large complex structure limits, at which the monodromy becomes maximally unipotent [Mor] . We will also present a general formula for the local solutions about these points. In the final section, we will derive a closed formula for the prepotential, which is valid about a large complex structure limit for arbitrary Calabi-Yau hypersurfaces in toric varieties. Our formula determines the special Kähler geometry about a large complex structure limit as well as the quantum corrected Yukawa coupling. Claim 5.8, Claim 5.11, and Claim 6.8 in the last two sections are meant to state those results that are verified in explicit calculations by many examples without general proofs.
All the results except Prop. 
Mirror Symmetry of Calabi-Yau Hypersurfaces
In this section, we will summarize mirror symmetry of Calabi-Yau hypersurfaces in toric varieties due to Batyrev. We refer the paper [Bat1] for details.
Let M ∼ = Z d be a lattice of rank d and N be its dual. We denote the dual pairing M × N → Z by , . A (convex) polytope ∆ is a convex hull of a finite set of points in M R := M ⊗ R. In the following, we assume ∆ contains the origin in its interior. The polar dual ∆ * ⊂ N R is defined by
Note. In [Bat1] , the maximal triangulations with the property in this proposition are called projective. In case of d ≤ 4, we can observe widely that every maximal triangulation is projective. More generally we observe that every triangulation of a reflexive polytope is regular which generalize projective(, see right after eq.(11) for the definition). For a restricted class of reflexive polytope (the type I or II in the following classification), it has proved (Th. 4.10 in [HLY2] ) that every maximal triangulation is projective. In the followings, we will write a projective toric variety by P Σ(∆ * ,To) choosing a projective maximal triangulation.
Let us fix a basis {n 1 , · · · , n d } of N and denote its dual basis by {m 1 , · · · , m d }. With respect to this basis, we denote the coordinate ring of the torus
ν with complex coefficients c ν . We denote by X ∆ the closure of the zero locus (f ∆ = 0) in P Σ(∆ * ,To) for generic c ν 's. Similarly, we denote the coordinate ring of [Bat1] ) Let (∆, ∆ * ) be a pair of reflexive polytopes in dimensions d ≤ 4 (, in M R and N R , respectively). Then; 1) generic hypersurfaces X ∆ ⊂ P Σ(∆ * ,To) and X ∆ * ⊂ P Σ(∆,T ′ o ) define smooth Calabi-Yau manifolds, 2) these two hypersurfaces are mirror symmetric in their Hodge numbers, i.e., h
Remark. Depending on the toric data of the reflexive polytopes, the ambient spaces have (Gorenstein) singularities (Prop.2.2.2 in [Bat1] ) in general. We call a maximal triangulation is nonsingular if its simplices of maximal dimensions consists of unit simplices, i.e., simplices with unit volume. It is easy to deduce that the toric variety is nonsingular if the maximal triangulation is so. Now we classify the reflexive polytopes into the following three types:
• type I; the polytope has a nonsingular maximal triangulation and it has no integral point in the interior of all codimension one faces,
• type II; the polytope has a nonsingular maximal triangulation and it has at least one integral point in the interior of some codimension one face,
• type III; the polytope does not have nonsingular triangulation. The toric varieties P Σ(∆ * ,To) are nonsingular for both the polytopes ∆ * of type I and II, however we distinguish these two because of the difference in the root system for their dual polytopes ∆;
2) The root system determines its automorphisms infinitesimally due to the following result, which we will utilize in the next section; Proposition 2.6. (Prop. 3.13 in [Oda] ) For a nonsingular toric variety P Σ(∆,T ′ o ) , we have a direct sum decomposition via the root system R(∆, M)
where δ m (m ∈ M) is the derivation on T M defined by δ m e(n) := m, n e(n).
Resonance in GKZ Hypergeometric System
We consider a family of Calabi-Yau hypersurfaces
varying the coefficients a ν * in the defining equation f ∆ * (a) = ν * ∈∆ * ∩N a ν * X ν * . By this polynomial deformation, we describe the complex structure deformation of X ∆ * . This deformation space is mapped to that of (complexified) Kähler class of X ∆ ⊂ P Σ(∆ * ,To) under the mirror symmetry. By the local Torelli theorem, we can introduce a local coordinate on the moduli space in terms of period integrals. In case of hypersurfaces in toric varieties, we have one canonical period integral [Bat2] [BC]
with the cycle
Here we study the differential equation satisfied by (4).
(3-1) Extended GKZ hypergeometric system Let A = {χ 0 , · · · ,χ p } be a finite set of integral points in {1}×R n ⊂ R n+1 . We assume the vectors
Definition 3.1. Consider the lattice of relations among the set A,
A-hypergeometric system with exponent β is a system of differential equation for a complex function Ψ(a) on C A ;
The period integral (4) satisfies the A-hypergeometric system with A = {1} × (∆ * ∩ N) and β = (−1) × 0. We call this hypergeometric system as ∆ * -hypergeometric system.
By direct evaluation of the action of D l and Z on the period integral (4), we obtain this proposition. Here we consider the origin of the linear operators Z. The first component of this vector operator is exactly the Euler operator, and just says that the period integral has homogeneous degree −1 as a function of a i 's. For the other components, it is easy to deduce that these come from the torus actions on P Σ(∆,T ′ o ) , which act infinitesimally on the coordinate X k = e(n k ) by δ m X k = m, n k X k . It is clear that these actions should be extended to ξ ∈ Lie(Aut (P Σ(∆,T ′ o ) )) by
where we denote the Euler operator by
We call this system as extended GKZ-hypergeometric system or extended ∆ * -hypergeometric system. By Prop. 2.6, it is clear that this extended system reduce to the GKZ system if the polytope ∆ * is of type I. In the following, we take an approach to study mainly the ∆ * -hypergeometric system because the set of the solutions of the extended ∆ * -hypergeometric system can be found in that of the ∆ * -hypergeometric system.
(3-2) Convergent series solutions Here we summarize general results in [GKZ1] about the convergent series solution of the A-hypergeometric system with exponent β. This is meant to introduce the notion of the secondary fan, not just to fix our conventions and notations. Since our interest is the period integrals, we assume A = {1} × (∆ * ∩ N) and β = (−1)× 0. Hereafter we write the integral points explicitly by ∆
We start with a formal solution of the A-hypergeometric system with exponent β given by
where
Given a base I, we may solve j∈I γ jν *
) provides a set of representatives of the quotient Φ Z (β, I)/L and kills the invariance γ → γ + v (v ∈ L) in the formal solution (10). 
. This powerseries converges for sufficiently small |x k |.
Remark. The coefficient c m (γ) is given explicitly by
) for some i ∈ I and thus Π(a, γ) ≡ 0. In this case, we multiply an infinite number Γ(γ i +1) to obtain nonzero powerseries, i.e.,
Note. Since (d + 1)-simplices in P are in one-to-one correspondence to d-simplices in ∆ * , we identify a triangulation of T of P with its corresponding simplicial decompostition of ∆ * . We call a triangulation T of P is maximal if it corresponds to a maximal triangulation of ∆ * (Def.2.3).
For a base I and a point η ∈ R p+1 , we consider a linear function
) for a triangulation T . Then it is easy to see that C(A, T ) consists of η ∈ R p+1 for which h T,η is a convex piecewise linear function on T and
A triangulation is called regular if C(A, T ) have interior points. We say a Z-basis A ⊂ L is compatible with a triangulation T if it is compatible with all bases I in T . T ) ), which converge for sufficiently small |x k |. If the exponents β is T -nonresonant, these series constitute vol(P ) linearly independent solutions.
Remark. In our case of ∆ * -hypergeometric system with β = (−1) × 0, we have one special element γ = (−1, 0, · · · , 0) in the set Φ Z (β, I) for any base I. If the polytope ∆ * is of type I or II in our classification, a maximal triangulation T of P consists of those bases I for which | det(ν * j,i ) 1≤i≤d+1, j∈I | = 1. Because of this unimodularity, we have
and Φ A Z (β, I) = {(−1, 0, · · · , 0)} for every base I of the maximal triangulation and any Z-basis A compatible with it. Thus we encounter a "maximally T -resonant" situation.
Definition 3.9. For a regular triangulation T and a Z-basis
(3-3) Secondary fan It is easy to see that the set C(A, T ) is a closed polyhedral cone and that these cones cover R p+1 when we vary the triangulations. The set of these cones and their lower dimensional faces all together define a complete, polyhedral fan F (A) called the secondary fan. Let M = Z × M and N = Z × N. We extend naturally the pairing , to that of M and N . Consider the lattice M := ⊕ ν∈∆ * ∩N Zeν * (= ⊕ p i=0 Zeν * i ) and its dual N = Hom Z (M, Z). Then we have the following exact sequences
where A(m) = 
By definition, the cone C ′ (A, T ) is strongly convex. Using the above decomposition, we redefine the definition of the secondary fan to
Now the secondary fan consists of strongly, polyhedral cones. If the polytope ∆ * is of type I or II, then the quotient Ξ(M ) is torsion free and thus (F (A), Ξ(M)) defines a toric variety. Even in case of type III, we may consider the corresponding toric variety by simply projecting out the torsion part of Ξ(M ). We will use this toric variety for the compactification of the moduli space in the next section. Now let us note that Ξ(N) ∼ = Ker(A * ) is identified with the lattice L, and thus K(A, T ) ⊂ Ξ(N) R . By definition of C ′ (A, T ), it is easy to deduce
Since for a regular triangulation, C ′ (A, T ) is a strongly convex polyhedral cone with interior points, the dual cone K(A, T ) is also strongly convex polyhedral cone. Therefore we see that there are infinitely many Z-basis of the lattice L compatible with T (Prop. 3.7).
Toric Ideal and Gröbner Fan
In this section we will reduce the infinite set of operators D l (l ∈ L) in our ∆ * -hypergeometric system to a finite set. This will be related to the compactification problem. 
Keeping this form in mind we define toric ideal in a polynomial ring; Definition 4.1. Consider a polynomial ring C[y] := C[y 0 , · · · , y p ]. Toric ideal I A is defined to be an ideal generated by binomials y l + − y l − (l ∈ L),
Toric ideal has been extensively studied in ref. [Stu1] [GKZ2]. Here we summarize relevant results for our purpose.
A term order (monomial ordering) on C[y] is a total order ≺ on the set of monomials {y α | α ∈ Z p+1 ≥0 } satisfying, 1) y α ≺ y β implies y α+γ ≺ y β+γ and 2) 1 is the unique minimal element. When we have an ideal I ⊂ C[y] and fix a term order, we can speak of the leading term LT ≺ (f ) for every non-zero polynomial in I. Then we define initial ideal of I by
A finite set G ∈ I is called Gröbner basis with respect to a term order ≺ if it generates the initial ideal; We consider to represent the term orders by weight vectors ω = (w 0 , · · · , ω p ) ∈ R p+1 . For a polynomial f = α c α y α , we define its leading terms LT ω (f ) to be a sum of terms c α y α whose weight t ω (y α ) := ω 0 α 0 +· · ·+ω p α p is maximal. It is obvious that if the components of ω ∈ R p+1 ≥0 are rationally independent, the weight determines a term ordering on C[y]. When we fix an ideal I ⊂ C[y], we may relax the condition for the weight ω to be a term order; we say a weight ω ∈ R p+1 defines a term order of I if LT ω (I) = LT ≺ (I) for some term order ≺. The following proposition provides a 'converse' statement, Proposition 4.3. (Prop.1.11 in [Stu2] ) For any term order ≺, there exists a weight ω ∈ R p+1 ≥0 such that LT w (I) = LT ≺ (I) . Gröbner region is defined to be a set
is a homogeneous ideal with some grading deg(
Since the toric ideal I A is homogeneous ideal with deg(y 0 ) = · · · = deg(y p ) = 1, we see GR(I A ) = R p+1 . For a term order ω of I A , we define
This set constitutes an open, convex, polyhedral cone in R p+1 (Prop. 2.1 in [Stu1] ). Due to Th. 4.2 and Prop. 4.4, the collection {C(I A , ω)} is finite and defines a complete fan F (I A ) in R p+1 , called the Gröbner fan.
(4-2) Indicial ideal and compactification of Hom Z (L, C * ) In the previous section, we called a triangulation T of the polytope P regular if the cone C(A, T ) has interior points. Here we characterize the regular triangulation in a geometrical way. To this aim let us first consider a polytope
If we project a polytope P ω to 1 × R d , then we have the polytope 1 × ∆ * . Thus we may regard the weight ω giving a hight to each vertex of 1 × ∆ * . For generic weight ω, the 'lower' faces of the polytope P ω consists of simplices and defines, under the projection, a simplicial decomposition of ∆ * and thus induces a triangulation T ω . The regular triangulation of the polytope P is a triangulation T ω obtained for some weight ω in this way (see Def.5.3 of [Zie] for more details). Relation of the polytope P ω to the piecewise linear function h T,η in (11) is clear.
Given a (regular) triangulation T of the polytope P , the StanleyReisner ideal SR T in C[y] is defined to be the ideal generated by all monomials y i 1 · · · y i k for which the verticesν
do not make a simplex in T . The following theorem is due to Sturmfelts: As an immediate corollary to this theorem, we see that the Gröbner fan is a refinement of the fan {C(A, T ω )}. Since the cone C(A, T ω ) decomposes according to (16), we have similar decomposition of C(I A , ω) to C ′ (I A , ω). In the following we denote the collection {C ′ (I A , ω)} as the Gröbner fan F (I A ). Now we determine a finite set of operators D l which characterize the power series w 0 (x, ρ; A) for each regular triangulation and a Z-basis A compatible with it. This provides us a way to analyze our resonant GKZ hypergeometric system.
Let us consider a term order ω of I A . According to Th. 4.5, the term oder ω determines a regular triangulation T ω and also a cone
If the cone C ′ (I A , ω) is simplicial and regular, i.e., the integral generators of its one-dimensional boundary cones generate the lattice points C ′ (I A , ω) ∩ Ξ(M ), we simply make its dual cone C ′ (I A , ω) ∨ and take the integral generators of this cone as a canonical Z-basis A of L which is compatible with T ω . If not, we subdivide the cone C ′ (I A , ω) into simplicial, regular cones and reduce the problem to the former case. More generally, we may make a Z-basis A τ = {l
} of L compatible with T ω considering any simplicial, regular cone τ contained in C ′ (I A , ω) and its dual τ ∨ .
On the other hand, associated to ω, we have a Gröbner basis B ω ⊂ I A . By Büchberger's algorithms to construct the (reduced) Göbner basis, we see that every generator g ∈ B ω is a binomial of the form y l + − y l − with some l ∈ L. Translating this to differential operator, we write the Gröbner basis B ω = {D l 1 , · · · , D ls } (1 ≤ s < ∞). Now, for each generator, we define
where the choice in l ± is made respectively by ω · l + − ω · l − > 0 (< 0).
(The factor a 0 originate from the definition w 0 (x, ρ; A) := a 0 Π(a, γ) in Def.3.9.)
Definition 4.6. For a term order ω of I A and an arbitrary regular cone τ contained in C ′ (I A , ω), we define, through the Gröbner basis
Proposition 4.7. In the notation above, the indicial ideal Ind ω (τ ) coincides with the ideal generated by the set of all algebraic equations for the indices ρ of the powerseries w 0 (x τ , ρ; A τ ).
Since
On the other hand, we have chosen the Z-basis A τ = {l
} so that it generates all integral points in τ ∨ ∩L. Therefore a l + −l − is a monomial of x τ , which vanish in the limit x τ → 0. The same argument applies to the case ω · l + − ω · l − < 0. For general operator O in the toric ideal, we may conclude all terms other than the leading term vanish under the limit x τ → 0 in a similar way. For the leading term, owing to the defining property of the Gröbner basis, we have LT ω (O) = ∂ ∂a µ LT ω (D l k ) for some k and µ. Multiplying a monomial a µ+l k± , we obtain
with some polynomial F (ρ). Thus we see all polynomial relations for the indices in Ind ω (τ ).
Conversely all generators of the ideal Ind ω (τ ), by definition, give algebraic equations for the indices ρ, and thus the ideal Ind ω (τ ) is contained in the other. Therefore the two ideals coincide.
2
Now based on Prop.4.7, we may claim the following;
Proposition 4.8. Consider a compact toric variety P F (I A ) associated to the Gröbner fan (F (I A ), Ξ(M)). Then for any resolution
we have integral powerseries of the form w 0 (x τ , ρ; A τ ) (ρ ∈ V (Ind ω (τ ))) at each boundary point given by the normal crossing toric divisors, namely at the origin of Hom s.g. (τ ∨ ∩ L, C). We will call this compactification Gröbner compactification.
(4-3) Resonance of ∆ * -hypergeometric system When the polytope ∆ * is of type I or II, we have seen in the Remark right after Th. 3.8 that the ∆ * -hypergeometric system becomes "maximally resonant" for a maximal triangulation T o . Here we study this resonance in detail restricting our attention to the polytopes of type I or II. We also comment about the case of type III.
We call a collection of vertices P = {ν * i 1 , · · · ,ν * ia } primitive if P does not form a simplex of T o but P \ {ν * is } does for anyν * is ∈ P. By definition of the Stanley-Reisner ideal, it is easy to deduce that the monomials that corresponds to primitive collections generate the ideal SR To .
Let us denote by Σ(1 × ∆ * , T o ) the fan in N R that is naturally associated to the triangulation T o of P . Since the volumes of all d + 1 simplices of T o are unimodular for the ∆ * of type I or II, the fan Σ(1 × ∆ * , T o ) consists of regular cones. Therefore if we have a primitive collection P = {ν * i 1 , · · · ,ν * ia }, we havē
where {ν * j k |c k = 0} generates the cone that contains the sum in the left hand side. Writing (28) asν * i 1
Lemma 4.9. Every primitive collection of a maximal triangulation T o does not contain the pointν * 0 = 1 × 0. (Proof) Suppose a primitive collection is given by P = {ν *
Since it is primitive, the simplex ν * i 1 , · · · ,ν * ia must be a simplex in the triangulation T o , which means that this simplex is a face of some maximal dimensional simplex in T o . Since T o is a maximal triangulation in which every maximal dimensional simplex contains the vertexν * 0 , we see the simplex ν * 0 ,ν * i 1
, · · · ,ν * ia must be a simplex in T o , which is a contradiction.
2 Proposition 4.10. For a term order ω such that T ω is a maximal triangulation, the initial ideal LT ω (I A ) is radical and LT ω (I A ) = SR Tω .
(Proof) Consider the primitive collections for the triangulation T ω which generates the Stanley-Reisner ideal SR Tω . Write a primitive collection P = {ν * i 1 , · · · ,ν * ia } and the corresponding primitive relation as l(P). For a term order ω, the regular triangulation T ω is induced from the lower faces of the polytope
Then the convex hull Conv.(P) is not a simplex that corresponds to a lower face of P ω . Therefore we have the "height" inequality ( ν *
This means that LT ω (y l(P) + − y l(P) − ) = y i 1 · · · y ia , which is one of the generators of the ideal SR Tω . Since this argument applies to all primitive collections, we conclude SR Tω ⊂ LT ω (I A ) . Since the opposite inclusion follows from SR Tω = LT w (I A ) (Th.4.5), we conclude SR Tω = LT w (I A ) , which proves the initial ideal is radical. 2
Corollary 4.11. Under the hypothesis in the previous proposition, the set of all possible primitive collections {P 1 , · · · , P s } of T ω determines the Gröbner basis by B ω = {D l(P 1 ) , · · · , D l(Ps) }. The indicial ideal Ind ω (τ ) is homogeneous for an arbitrary regular cone τ contained in C ′ (I A , ω). (Proof) By definition, SR Tω is generated by the monomials corresponding to primitive collections. From the argument in the proof of Prop. 4.10, we know SR Tω = LT ω (D l(P 1 ) ), · · · , LT ω (D l(Ps) ) . This combined with LT ω (I A ) = SR Tω establishes that B ω is the Gröbner basis.
For the rest, we note that any primitive collection P = {ν * , which proves that the generator J l(P) (ρ; A τ ) is homogeneous in ρ.
Remark. If we combine the general fact that the GKZ system is holonomic [GKZ1] , i.e., its solution space is finite dimensional, with our Corol. 4.11, we may conclude that the zero is the only solution for the indices ρ. This is the maximal T -resonance in our approach. We will give an independent proof about this in the next section.
As we remarked before, our ∆ * -hypergeometric system for the polytope ∆ * of type III does not share this property. Here we can explain the origin of this difference. We first note that the primitive collections generate the Stanley-Reisner ideal and has the property in Lemma 4.9 irrespective to the type of polytopes. The only change in the above arguments appears in the definition of the primitive relation. Namely, since the cones are not regular in type III case, the equation (28) should be replaced by
with some positive integers λ i 1 , · · · , λ ia not all equal to one. Accordingly the leading term LT ω (y l(P) + −y l(P) − ) will be replaced by (y i 1 ) λ i 1 · · · (y ia ) λ ia . This indicates that the initial ideal LT ω (I A ) is no longer radical, and therefore the generators J l (ρ; A τ ) become inhomogeneous. When translating the monomial y l(P) + to the differential operator a l(P) + ∂ ∂a l(P) + , each λ ifold degeneration to zero 'splits', leaving simple zero. Thus all indices do not degenerate to zero, however we still have zero.
Large compex Structure Limit
Here we will study in detail the maximal resonance of the ∆ * -hypergeometric system. We will identify this resonance with the large complex structure limit (LCSL), i.e., a celebrated boundary point in the moduli space of Calabi-Yau manifolds [Mor] .
(5-1) Maximal degeneration In this subsection, we will restrict our arguments to the polytopes of type I or II. In these two cases, we have a nonsingular projective toric variety P Σ(∆ * ,To) for a maximal triangulation. We focus on the Chow ring of this toric variety. The Chow ring of a variety is a free abelian group generated by irreducible closed subvarieties, modulo rational equivalence, which is endowed with the ring structure via the intersection products. In case of non-singular compact toric varieties P Σ(∆ * ,To) , it has a simple description in terms of the (toric) divisors; Proposition 5.1. (sect.3.3 of [Oda] , sect.5.2 of [Ful] ) The Chow ring A * (P Σ(∆ * ,To) ) is isomorphic to the cohomology ring H * (P Σ(∆ * ,To) , Z) and is given by A
